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ABSTRACT
The radiative torque (RAT) alignment of interstellar grains with ordinary paramagnetic suscepti-
bilities has been supported by earlier studies. The alignment of such grains depends on the so-called
RAT parameter qmax that is determined by the grain shape. In this paper, we elaborate our model
of RAT alignment for grains with enhanced magnetic susceptibility due to iron inclusions, such that
RAT alignment is magnetically enhanced for which we term MRAT mechanism. Such grains can
get aligned with high angular momentum at the so-called high-J attractor points, achieving a high
degree of alignment. Using our analytical model of RATs we derive the critical value of the magnetic
relaxation parameter δm to produce high-J attractor points as functions of q
max and the anisotropic
radiation angle relative to the magnetic field ψ. We find that if about 10% of total iron abundance
present in silicate grains are forming iron clusters, it is sufficient to produce high-J attractor points
for all reasonable values of qmax. To calculate the degree of grain alignment, we carry out numerical
simulations of MRAT alignment by including stochastic excitations from gas collisions and magnetic
fluctuations. We show that large grains can achieve perfect alignment when the high-J attractor point
is present, regardless of the values of qmax. Our obtained results pave the way for physical modeling
of polarized thermal dust emission as well as magnetic dipole emission. We also find that millimeter-
sized grains in accretion disks may be aligned with the magnetic field if they are incorporated with
iron nanoparticles.
1. INTRODUCTION
Immediately after the discovery of starlight polar-
ization, more than 60 years ago by Hall (1949) and
Hiltner (1949), the polarization was attributed to dif-
ferential extinction by nonspherical dust grains aligned
with interstellar magnetic fields. This alignment of
grains opened a new window into studying the magnetic
fields, including the magnetic field topology and strength
through starlight polarization (Davis & Greenstein 1951;
Chandrasekhar & Fermi 1953) and polarized thermal
dust emission (Hildebrand 1988), in various astrophys-
ical environments. Moreover, polarized thermal emission
from aligned grains is a significant Galactic foreground
source contaminating cosmic microwave background ra-
diation (Dunkley et al. 2009; Planck Collaboration et al.
2014).
The problem of grain alignment has proven to be one
of the longest standing problems in astrophysics. Over
the last 60 years, a number of grain alignment mecha-
nisms have been proposed and quantified (see Lazarian
2007 and Lazarian et al. 2015 for reviews). Some sub-
stantial extensions or modifications were suggested to
the initial paradigm of grain alignment based on the
Davis & Greenstein (1951) paramagnetic relaxation the-
ory. However, an alternative alignment paradigm, based
on radiative torques (RATs), has now become the favored
mechanism to explain grain alignment. This mechanism
was initially proposed by Dolginov & Mitrofanov (1976),
but was mostly ignored at the time of its introduc-
tion due to the limited ability to generate quantitative
theoretical predictions. Draine & Weingartner (1996)
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(DW96) and Draine & Weingartner (1997) (DW97) rein-
vigorated the study of the RAT mechanism by devel-
oping a numerical method based on discrete dipole ap-
proximation to compute RATs for several irregular grain
shapes. Further advancement of the theory was done
in Weingartner & Draine (2003). The strength of the
torques obtained made it impossible to ignore them, but
questions about basic properties (e.g., direction, depen-
dence on grain size and shape) of the alignment for grains
of different shapes as well as degree of alignment re-
mained.
The quantitative study of RAT alignment was initiated
in a series of papers, starting with Lazarian & Hoang
(2007a) (henceforth LH07) where an analytical model
(AMO) of RAT alignment was introduced. The analyt-
ical model was the basis for further theoretical studies
in (Lazarian & Hoang 2007b; Lazarian & Hoang 2008;
Hoang & Lazarian 2008 (HL08); Hoang & Lazarian
2009b,a, hereafter HL09ab).
In the case of steady motion where only rotational
damping due to gas collisions is considered, (i.e., rota-
tional excitations is disregarded), we found that RATs
tend to align ordinary paramagnetic grains at attractor
points with low magnitude of angular momentum (so-
called low-J attractor points), and/or attractor points
with high angular momentum (so-called high-J attractor
points). LH07 considered ordinary paramagnetic suscep-
tibilities that are being aligned by RATs and determined
the parameter space for the alignment with high-J attrac-
tor points. Grains may get perfectly aligned at high-J
attractor points (HL08) provided that the anisotropic ra-
diation field and therefore RATs were sufficiently strong.
The parameter space for such alignment was identified
for the combination of the ratio of the two components
of the radiative torques qmax which depends on the grain
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shape, as well as the angle ψ between the direction of the
radiation anisotropy and the magnetic field. The grains
outside this parameter space were found to be aligned
at the low-J attractor point and were shown to be not
perfectly aligned. For this generic feature, the degree of
radiative alignment can be modeled by a parameter fhi–
the fraction of grains aligned at high-J attractor points,
which allows quantitative predictions of the polarization
by RAT alignment for various astrophysical conditions
Hoang & Lazarian 2014; Hoang et al. (2015).
Observational evidence for RAT alignment is numerous
and becomes increasingly available (Andersson & Potter
2007; Whittet et al. 2008; Andersson & Potter
2010; Matsumura et al. 2011; Andersson et al. 2011;
Reissl et al. 2016). Some fundamental properties of
RAT alignment are observationally tested. For instance,
the dependence of alignment on anisotropy direction of
radiation have been tested and confirmed by observa-
tions (Andersson & Potter 2010; Andersson et al. 2011;
Vaillancourt & Andersson 2015). The loss of alignment
toward the starless core because of the reduction of
radiation intensity is observed by a number of groups
(Alves et al. 2014; Jones et al. 2014). Evidence of
enhancement of grain alignment by pinwheel torques
was recently found by Andersson et al. (2013) and
modeled by Hoang et al. (2015). We refer interested
readers to two recent reviews for extended discussions
(Lazarian et al. 2015; Andersson et al. 2015).
Most of previous works on RAT alignment deal with
ordinary paramagnetic grains (DW96; DW97; LH07;
HL08; HL09ab), which is based on the assumption
that iron atoms are distributed diffusely within sili-
cate grains. However, iron atoms perhaps exist in the
form of nanoparticles, and it is inevitably that some
iron nanoparticles are incorporated in big grains. This
can significantly enhance the grain magnetic suscepti-
bility, and grains become superparamagnetic material
(Jones & Spitzer 1967) (hereafter JS67). The first work
that combines the effect of superparamagnetic inclusions
and RATs was presented in Lazarian & Hoang (2008)
(hereafter LH08) where their joint action is found to con-
vert a high-J repellor point to a high-J attractor point.
This was not a trivial result of combining enhanced mag-
netic relaxation and suprathermal rotation induced by
RATs. Contrary to that, in some realization, RATs
would still induce grain alignment of high-J attractors
without needing magnetic relaxation (see LH07). Nev-
ertheless, we found that enhanced magnetic dissipation
will tweak the RAT alignment as to stabilize the high-J
attractor point, resulting in the increase in the degree
of RAT alignment. In this paper, we will employ AMO
to conduct an extensive study on Magnetically enhanced
RAT alignment, which we term MRAT mechanism, aim-
ing to identify the required enhancements of magnetic
susceptibilities to produce high-J attractor points.
Modern cosmology with Cosmic Microwave Back-
ground (CMB) polarization requires an accurate model
of thermal dust polarization to enable reliable separa-
tion of galactic foreground contamination from the po-
larized CMB signal. We believe that an accurate model
of polarized dust emission is achieved only when it is
based on solid physics of grain alignment and tested
physical properties of interstellar dust. Therefore, it
is crucial to calculate the degree of grain alignment
to be used for modeling of foreground polarization (cf.
Draine & Fraisse 2009). In addition, understanding of
the grain alignment is necessary for reliably estimating
magnetic fields with the Chandrasekhar - Fermi tech-
nique (see Falceta-Gonc¸alves et al. 2008 for a newer edi-
tion of the technique).
Recent Planck results (Planck Collaboration et al.
2015) show a high degree of dust polarization, up to
20%, for the diffuse interstellar medium (ISM). Inverse
modeling of starlight polarization usually requires perfect
alignment of silicate grains to reproduce the maximum
polarization degree (Draine & Fraisse 2009; Hoang et al.
2014, hereafter HLM14). This raises some challenge for
the traditional RAT mechanism. Indeed, the quantita-
tive studies of radiative torques in LH07 and HL08 show
that in the absence of high-J attractor points the degree
of alignment is not expected to be close to 100%. Our
works show that the parameter space in terms of qmax
angle φ for the high-J alignment is limited and there-
fore we expect a significant fraction of dust grains to be
aligned with low-J attractor point. The alignment in this
case is unlikely to exceed 30% (HL08). In this situation,
one might have difficulty to explain some cases where of
the high degree of polarization reported in the literature.
Additional alignment enhancement via pinwheel torques
potentially can solve the problem (HL09a). An alter-
native way of enhancing the degree of RAT alignment
through iron inclusions was made in LH08. There it was
suggested that combining enhanced magnetic dissipation
and RATs can produce the high-J attractor for a larger
value of the qmax − φ parameter space, which for suffi-
ciently large values of enhancement mean that all grains
may be perfectly aligned. In what follows we provide
the detailed study of MRAT mechanism and discuss its
implications.
We would like to stress that, in addition to ther-
mal dust emission, magnetic dipole emission (MDE,
Draine & Lazarian 1999; Draine & Hensley 2013) is a
potential foreground contamination to CMB B-mode sig-
nal in the frequency range below 300GHz. The MDE
spectrum depends closely on the fraction of iron inclu-
sions within the grain. The latter should also affect the
alignment of composite grains. Therefore, to obtain a
realistic polarization spectrum of MDE, it is first to com-
pute the degree of alignment for composite grains. We
will quantify the degree of MRAT alignment of grains
with magnetic inclusions for the different grain sizes and
various levels of magnetic susceptibilities. It is noted that
Hoang & Lazarian (2016) (hereafter HL16) have com-
puted the degree of alignment of composite grains and
free-flying nanoparticles in the absence of RATs.
The present paper is organized as follows. Section 2
presents the main dynamical timescales for grain rota-
tion. In Section 3, we briefly describe magnetic proper-
ties of grains with superparamagnetic and ferromagnetic
inclusions and show that the effect of magnetic relax-
ation should be taken into account in the RAT align-
ment paradigm. In Section 4, we will use AMO to derive
the critical conditions of magnetic inclusions required for
high-J attractor points for arbitrary angles ψ and qmax
in the steady motion case. In Section 5, we use numer-
ical simulations to confirm the analytical results in the
previous section. In Section 6, we perform numerical sim-
ulations to compute the degree of grain alignment for an
MRAT alignment 3
extended parameter space of RATs, magnetic relaxation,
and grain sizes. Discussion and summary are presented
in Section 9 and 10, respectively.
2. ROTATIONAL CHARACTERISTIC TIMESCALES
2.1. Rotational Damping by gaseous collisions
For typical interstellar grains under interest here, the
damping of grain rotation is dominated by collisions be-
tween the grain and gaseous atoms. For smaller grains,
the damping by infrared emission and ion collisions can
be important (see Draine & Lazarian 1998; Hoang et al.
2010; HL16).
The characteristic timescale of the rotational damping
due to gas bombardment is given by
τgas ≃ 6.6× 104ρˆsˆ−2/3a−5
(
300K1/2 cm−3
T
1/2
gas nH
)
Γ−1‖ yr, (1)
where a−5 = a/10
−5 cm with a = a2s
1/3 the effective
radius of the equivalent sphere of the same volume as
the oblate spheroidal grain of semimajor axis a2 and ax-
ial ratio s < 1, sˆ = s/0.5, ρˆ = ρ/3 g cm−3 with ρ the
mass density, nH and Tgas are gas number density and
temperature. Here, Γ‖ is the unity factor characterizing
the grain geometry (see Appendix B).
2.2. Magnetic Relaxation
Iron atoms, if being distributed diffusely within a sili-
cate grain, produce ordinary paramagnetic material. The
zero-frequency susceptibility χ(0) of such a paramagnetic
material is given by the Curie’s law:
χ(0)=
npµ
2
3kBTd
, (2)
where the effective magnetic moment per iron atom µ
reads
µ2 ≡ p2µ2B = g2eµ2B [J(J + 1)] , (3)
with J being the angular momentum quantum number
of electrons in the outer partially filled shell, and p ≈ 5.5
is taken for silicate (see Draine 1996).3
Plugging the typical numerical values into Equation
(2), we obtain
χ(0) ≃ 0.03fpnˆ23
( p
5.5
)2(20K
Td
)
, (4)
where nˆ23 = n/10
23 cm−3 is the atomic density of mate-
rial, fp is the fraction of paramagnetic (Fe) atoms in the
dust grain. For silicate of structure MgFeSiO4 we have
fp = 1/7 (see HLM14).
A paramagnetic grain rotating with angular velocity ω
in an external magnetic fieldB experiences paramagnetic
relaxation (Davis & Greenstein 1951, henceforth DG51)
that induces the dissipation of the grain rotational energy
into heat. This results in the gradual alignment of ω and
angular momentum J with B at which the rotational en-
ergy is minimum. The classic DG51 model was originally
3 For typical silicate of structure MgFeSiO4, Fe3+(6S5/2) ion
with S = 5/2, L = 0 and J = 5/2 and ge ≈ 2 gives p =
ge
√
J(J + 1) = 5.9. For Fe2+(5D4), one has p = 5.4. So, we
take p ≈ 5.5 as a conservative value.
suggested for the ordinary paramagnetic material, but it
can be applied for any magnetic materials.
The characteristic time of the magnetic relaxation is
given by
τm=
I‖
K(ω)V B2
=
2ρa2s−2/3
5K(ω)B2
,
≃ 6× 105ρˆsˆ−2/3a2−5Bˆ−2Kˆ−1 yr, (5)
where V = 4πa3/3 is the grain volume, I‖ is the mo-
ment of inertia along the principal axis, Bˆ = B/10µG
is the normalized magnetic field strength, and Kˆ =
K(ω)/10−13 s and K(ω) = χ2(ω)/ω with χ2(ω) is the
imaginary part of complex magnetic susceptibility of the
grain material.
To describe the aligning effect of magnetic relaxation
relative to the disalignment by gas collisions, we intro-
duce a dimensionless parameter
δm=
τgas
τm
≃ 0.1Bˆ2Kˆa−5
(
ρˆ
nˆHTˆ
1/2
gas
)
, (6)
where nˆH = nH/(30 cm
−3) and Tˆgas = Tgas/100K.
Above, the second-order effect of grain shape is ignored.
The frequency-dependence χ2(ω) depends on the
model. Following DL99, the critically-damped solution
for χ2(ω) reads
χ2(ω) =
χ(0)τ2ω
[1 + (ωτ2/2)2]2
, (7)
where χ(0) is the magnetic susceptibility at ω = 0, and
τ2 = 2.9×10−12/(fpnˆ23) is the spin-spin relaxation time.
From (4) and (7), we obtain
K(ω) ≃ 8.7× 10−14pˆ
(
20K
Td
)
1
[1 + (ωτ2/2)2]2
, (8)
where pˆ = p/5.5.
2.3. Larmor precession
A rotating paramagnetic grain can acquire magnetic
moment through the Barnett effect (Barnett 1915). The
Rowland effect also produces some magnetic moment
if the grain is electrically charged (Martin 1971). For
paramagnetic material, the former is shown to be much
stronger than that arising from the rotation of its charged
body (Dolginov & Mitrofanov 1976).
The instantaneous magnetic moment due to the Bar-
nett effect is equal to
µBar =
χ(0)ω
γg
V = −χ(0)~V
geµB
ω, (9)
where γg = −geµB/~ ≈ −e/(mec) is the gyromagnetic
ratio of an electron, ge ≈ 2 is the g−factor, and µB =
e~/2mec ≈ 9.26× 10−21 ergsG−1 is the Bohr magneton.
The interaction of the grain magnetic moment with an
external static magnetic field B, governed by the torque
[µBar ×B] = −|µBar|B sinβφˆ ≡ I‖ω sinβdφ/dtφˆ, causes
the rapid precession of J‖ω around B. The period of
such a Larmor precession denoted by τLar, is given by
τLar =
2π
dφ/dt
=
2πI‖gµB
χ0V ~B
≃ 0.65a2−5sˆ−2/3
ρˆ
χˆBˆ
yr,(10)
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where χˆ = χ(0)/10−4. Comparing Equation (10) with
Equations (1) and (5), it is seen that the Larmor pre-
cession is much faster than the rotational damping and
magnetic relaxation.
3. ENHANCED MAGNETIC SUSCEPTIBILITIES BY
MAGNETIC INCLUSIONS
When iron atoms are incorporated in the form of clus-
ters (e.g., nanoparticles), the magnetic susceptibility of
the composite grain is substantially enhanced through
superparamagnetic effect (JS67) and ferro-paramagnetic
interactions (Duley 1978). Below, we briefly describe
these effects for reference.
3.1. Superparamagnetic Inclusions
When ferromagnetic inclusions are sufficiently small
so that thermal energy can exceed the energy barrier
to reorient the inclusion magnetic moments, then ther-
mal fluctuations within the grain can induce considerable
fluctuations of the inclusion magnetic moments. LetNcl
be the number of iron atoms per inclusion (cluster). In
thermal equilibrium, the average magnetic moment of
the ensemble of magnetic inclusions can be described by
the Langevin function with argument mH/kTd, where
m = Nclµ0 with µ0 being the magnetic moment per Fe
atom in iron clusters is the total magnetic moment of
the cluster, and H is the applied magnetic field (JS67).
The composite grain exhibits superparamagnetic behav-
ior, which has the magnetic susceptibility given by
χsp(0) =
nclm
2
3kTd
, (11)
where ncl is the number of iron clusters per unit volume
(JS67).
Let φsp be the volume filling factor of magnetic inclu-
sions. Then, the total number of iron clusters per grain
is
N = 3.5× 108φspN−1cl a3−5. (12)
By plugging m with µ0 = pµB and ncl = N/V into
Equation (11), we obtain:
χsp(0) ≈ 0.026Nclφsppˆ2Tˆ−1d , (13)
where Tˆd = Td/20K.
Superparamagnetic inclusions undergo thermally acti-
vated remagnetization at rate
τ−1sp ≈ ν0 exp
(
−NclTact
Td
)
(14)
where experiments give ν0 ≈ 109 s−1 and Tact ≈ 0.011K
(see Morrish 2001).
The frequency dependence susceptibility χsp(ω) is then
evaluated using Equation (7) with χ(0) = χsp(0) and
τ2 = τsp. Thus,
Ksp(ω)=
χsp(0)τsp
[1 + (ωτsp/2)2]2
,
≃ 2.6× 10−11Nclφsppˆ2 exp (NclTact/Td)
Tˆd[1 + (ωτsp/2)2]2
. (15)
Here we have disregarded the magnetic susceptibility
term by individual iron inclusions which are important
only for high rotation frequency ω > 109 rad/s (see
HL16).
If the entire iron budget (also Mg, Si) is incorporated
into dust to form a structure MgSiFeO4, then the volume
filling factor is φsp = V
3
Fe/(V
3
Mg+V
3
Si+V
3
Fe+4V
3
O) = 0.29,
where Vj is the volume of j atom. The typical value
from observations of glass with embedded metal and sul-
fides (GEMS) is φsp ≈ 0.03 (Bradley 1994; Martin 1995),
which indicates about 0.03/0.29 ≈ 10% of Fe depleted
into dust silicate.
In Figure 1 we show the contours of δm in the plane
of Ncl and φsp for the a = 0.1µm grains with magnetic
inclusions, where φsp ranges from 10
−3 to 0.3 (its max-
imum value) at which dust accommodates all Fe abun-
dance. It can be seen that δm > 1 even for a small
values of Ncl and φsp. Therefore, even with a small level
of magnetic inclusions, the effect of magnetic relaxation
on RAT alignment cannot be ignored.
3.2. Effect of ferromagnetic inclusions on paramagnetic
atoms
JS67 show that spin-lattice relaxation vanishes when
there is no static magnetic field, which is true for ro-
tating grains. Therefore, the spin-spin relaxation is the
way to produce magnetic susceptibility and paramag-
netic alignment (DG51). Duley (1978) pointed out that
the existence of ferromagnetic inclusions in a big silicate
grain can generate internal static magnetic fields that
act on nearby paramagnetic (iron) atoms. As a result,
the spin-lattice relaxation for paramagnetic atoms would
exist and increase the magnetic susceptibility of the com-
posite system. The total susceptibility is equal to
K(ω) = F χ(0)τ1
1 + (ωτ1)2
+ (1−F) χ(0)τ2
1 + (ωτ2)2
, (16)
where τ1 is the spin-lattice relaxation time. The first
term is only present in the presence of the static internal
field generated by iron clusters, and the factor F reads
F = H
2
0
H20 +H
2
i
, (17)
where H0 is the rms value of the magnetic field due to
iron clusters in a given direction, and Hi is the internal
field produced by paramagnetic atoms. The value of Hi
reads
Hi =
(
CMTd
χ(0)
)1/2
, (18)
where CM is the heat volume capacity at constant mag-
netization. Various paramagnetic materials have Hi ∼
103 Oe (see Draine 1996).
Let fFe,SD be the fraction of the total iron
atoms present in single-domain ferromagnetic inclusions.
Then,
H0≃ 3.8fFe,SDnpµB/
√
3,
≃ 110
(
fFe,SD
0.01
)( p
5.5
)
nˆ23 Oe. (19)
With τ1 ∼ 10−6 s, the ferromagnetic-paramagnetic in-
teraction can raise K(ω) by two orders of magnitude
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above the susceptibility of the normal paramagnetic ma-
terial.
Figure 1 (right panel) shows contours of δm in the plane
of fFe,SD and fp where fp ranges from 10
−3 to 0.1, corre-
sponding to about 1% to 100% of Fe abundance depleted
into dust. It is noted that upto 80% of Fe can be in
dust (Jenkins 2009). As expected, the ferro-para inter-
action can be important for larger values of fFe,SD, but it
is much weaker than the superparamagnetic effect (left
panel). Thus, in the following, we consider the super-
paramagnetic effect of iron inclusions only.
TABLE 1
Physical parameters and chose values for calculations
Symbol Meaning Chosen values
nH proton number density of gas 30 cm
−3
Tgas gas temperature 100 K
Td dust temperature 20 K
B magnetic field strength 10 µG
ρ mass density of dust 3 g cm−3
γ anisotropy of radiation field 0.1
λ¯ mean wavelength 1.2µm
uISRF energy density of radiation 8.64× 10
−13 ergs cm−3
Table 1 lists some important parameters and their
meaning used in the paper.
4. OVERVIEW OF AMO AND PARAMETERS OF MRAT
ALIGNMENT
In the following, we first review the fundamental fea-
tures of our analytical model (AMO) of RATs.
4.1. Overview of RATs and AMO
Let uλ be the spectral energy density of radiation field
at wavelength λ and γ be its anisotropy. The energy
density of the radiation field is urad =
∫
uλdλ. Radiative
torque arising from the interaction of an anisotropic ra-
diation field of direction k with an irregular grain of size
a is then given by
Γλ = γπa
2uλ
(
λ
2π
)
QΓ, (20)
where QΓ is the RAT efficiency that can be decomposed
into three components Qe1, Qe2 and Qe3 in the scattering
reference frame defined by unit vectors eˆ1, eˆ2, eˆ3 with
eˆ1‖k, eˆ2 ⊥ eˆ1 and eˆ3 = eˆ1 × eˆ2 (see the left panel of
Figure 11; see also DW96; LH07).
The magnitude of RAT efficiency, QΓ, in general de-
pends on the radiation field, grain shape, size and grain
orientation relative to k. When the anisotropic radiation
direction is parallel to the axis of maximum moment of
inertia aˆ1, LH07 found that the magnitude of RAT ef-
ficiency by a monochromatic radiation of wavelength λ
for a grain of size a can be approximated by a power-law
as:
QΓ ∼ 0.4
(
λ
a
)η
, (21)
where η = 0 for λ <∼ 2a and η = −3 for λ≫ a.
The exact RAT efficiency also depends on the dielectric
function of dust (LH07). The presence of iron inclusions
can modify the dielectric function of the composite dust,
but it occurs mostly in the microwave frequency range
(see DL99; DH13). Since RATs are determined by the
interaction of optical-UV photons with the dust grain,
the effect of iron inclusions on RATs is expected to be
negligible.
For the full spectrum of the diffuse interstellar radia-
tion field (Mathis et al. 1983), the averaged torque mag-
nitude is approximately given by
Q¯Γ ≈ 2.4× 10−3
(
λ¯
1.2µm
)−2.7
a2.7−5, (22)
for a ≪ λ¯, where λ¯ = 1.2µm is the mean wavelength of
the ISRF (see Equation A2).
LH07 and HL08 show that RATs for irregular grains
can be approximately described by an analytical model
(AMO, see Appendix A). The combination of Equation
(22) with self-similar functional forms of RATs provided
by AMO and a unique parameter qmax = Qmaxe1 /Q
max
e2 can
describe RATs for arbitrary grain shape and radiation
wavelength (see Appendix A). The value qmax is found
to change with grain shape and radiation field. For the
range qmax ∼ 0.5 − 4, we found that AMO provides a
good agreement with numerical RATs of some irregular
shapes (see Sec 4.5 in LH07). We refer our readers to
LH07 for a complete discussion on the AMO.
5. MRAT ALIGNMENT IN THE DETERMINISTIC CASE
5.1. Equations of Steady Motion
The alignment of grains by RATs is studied by fol-
lowing the evolution of grain angular momentum in the
phase space (DW97; HL08). In the deterministic case
where random excitation is disregarded, the orientation
of the grain angular momentum is governed by RATs,
gaseous damping, and magnetic torques.
It is convenient to study grain orientation using spheri-
cal coordinates, which is completely determined by three
variables: the angle ξ between the angular momentum
vector J and the magnetic field direction B, the Larmor
precession angle φ of J around B and the value of the
angular momentum J (see the right panel of Figure 11).
As shown in Equation (10), the Larmor precession rate
is increased by Ncl, ensuring that the Larmor precession
rate is much larger than τ−1m and τ
−1
gas. Therefore, the av-
eraging of RATs over the Larmor precession is justified.
In this section, we first disregard the thermal fluctu-
ations within the grain and assume a perfect coupling
of the axis of major inertia with J (e.g., LH07). Thus,
the equations of motion for J ′ = J/I‖ωT and t
′ = t/τgas
become:
dξ
dt′
=
MF¯ (ξ, ψ)
J ′
− δm sin ξ cos ξ, (23)
dJ ′
dt′
=M H¯(ξ, ψ) − J ′ (1 + δm sin2 ξ) , (24)
where ωT = (2kTgas/I‖)
1/2, M = γλ¯urada/2, F¯ (ξ, ψ)
and H¯(ξ, ψ) are aligning and spin-up torque components
averaged over the precession angle ψ (see Appendix A).
5.2. Conditions for High-J Attractor Points
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Fig. 1.— Contour of the magnetic relaxation parameter, δm, for superparamagnetic grains (left) and ferromagnetic-paramagnetic in-
teraction (right). The grain size a = 0.1µm and the physical parameters of the CNM are listed in Table 1. Horizontal lines mark the
corresponding fraction of iron depleted into the dust, fFe.
Let (ξs, Js) be stationary points satisfying equations
dξ′/dt = 0, dJ ′/dt = 0. Possible solutions of Equations
(23) and (24) are given by:
F¯ (ξs)(1 + δm sin
2 ξs)
H¯(ξs)
− δm sin ξs cos ξs = 0. (25)
As shown in LH07, when averaged over the fast Larmor
precession, we have F¯ = 0 at sin ξs = 0. Therefore, Equa-
tion (25) reveals that sin ξs = 0 are universal stationary
points. In addition, there exists intermediate stationary
points ξs = (0, π), depending on δm and RATs.
Following DW97, the stationary point (ξs, Js) is an
attractor if
A+D < 0, BC −AD < 0, (26)
where
A=
M
J ′s
dF¯
dξ
− δm cos 2ξs, B = −M
J ′2s
F¯ (ξs), (27)
C=M
dH¯
dξ
− δmJ ′s sin 2ξs, D = −
(
1 + δm sin
2 ξs
)
.(28)
For the universal stationary point sin ξs = 0, J
′
s =
MH¯(ξs), the condition for the attractor point (Eq. 26)
is reduced to a single inequality
1
H¯
dF¯
dξ
∣∣∣∣
sin ξs=0
− δm < 0, (29)
which simply indicates that to produce an attractor
point, the rate of increasing ξ from ξs by RATs must
be lower than the rate of decreasing ξ by magnetic re-
laxation δm. It can be seen that the condition of high-J
attractor does not depend on the anisotropy degree of
radiation γ provided that γ 6= 0.
The discussion above is applied for helical grains of
right helicity, i.e., when the radiation is parallel to the
field, the spin-up torque H¯ is positive (LH07). It is ap-
plied also for left helicity in which the high-J attractor
points is ξs = π, H¯(ξs) > 0.
5.3. Results for high-J attractor points using AMO
In a special case when the anisotropic radiation direc-
tion is parallel to the magnetic field (i.e., ψ = 0), using
RATs from AMO (see Appendix A), LH08 found that the
new high-J attractor point is present when δm satisfies
the following condition:
δm > δm,cri =
2− qmax
qmax
. (30)
The above relation indicates that, in the case of ψ = 0◦,
the high-J attractor is always present even for ordinary
paramagnetism if qmax > 2 (LH08).
To derive a parameter space for attractor points for
arbitrary angle ψ, we employ RATs from AMO and solve
Equation (29) numerically.
Figure 2 shows the contours of δm,cri required to pro-
duce high-J attractor points in the plane of ψ and qmax.
For a wide range of explored parameters of qmax and ψ,
high-J attractor points are present for δm,cri ≤ 10, except
for the case ψ = 45◦. For instance, for ψ = 0, higher δm
is required to have high-J attractors for smaller qmax,
consistent with the analytical relation shown in Equa-
tion (30). It is noted that the condition in Figure 2 is
applicable to any value of a. Moreover, the result is
independent on the anisotropy γ, provided that γ 6= 0.
5.4. Physical Parameters
For numerical simulations in the following, we adopt
the typical physical parameters for the average inter-
stellar radiation field (ISRF) in the solar neighborhood
(Mathis et al. 1983) with the energy radiation density
of uISRF = 8.64 × 10−13 ergs cm−3 (see Equation A2)
and anisotropy degree γ = 0.1 (DW97). We also con-
sider the typical CNM for the ISM with nH = 30 cm
−3,
Tgas = 100K, Td = 20K, and B = 10µG (see Table 1).
5.5. Trajectory maps in the steady rotation regime
To visualize grain alignment by RATs, it is conve-
nient to follow the temporal evolution of grain orien-
tation from some initial orientations and construct the
trajectory map of grain orientation. We consider an
ensemble of Ngr = 21 grains with initial angular mo-
mentum J0 = 50I1ωT and initial orientations given by a
regular grid from ξ0 = 0 − π. Then, we solve Equa-
tions (23) and (24) for ξ(t) and J(t) with timestep
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Fig. 2.— Contours of the critical value of magnetic relaxation parameter required to produce high-J attractor points, δm,cri, in the plane
of ψ and qmax. Shaded areas indicate the existence of high-J attractor points produced by RATs even for ordinary paramagnetic grains
(i.e., no need of magnetic relaxation). White areas indicate the space where the high-J attractor points are only produced in the presence
of magnetic relaxation. High-J attractors is universal for δm,cri > 10.
dt′ = min[5 × 10−4, 10−3/δm]. With this choice of dt′,
one has dt′ ≫ τLar (Eq 10), justifying the averaging of
the equations of motion over the fast Larmor precession.
Figure 3 shows the trajectory maps for the selected
cases of qmax = 1 and four different values of magnetic
relaxation parameters δm = 0.5, 1, 2, 4. The effective
grain size a = 0.1µm is assumed. As shown, grains are
driven to low-J and high-J attractor points, regardless
of their initial states. Moreover, the high-J attractor
points are created when δm is increased as predicted.
For instance, the alignment does not have high-J attrac-
tor point for the low value of δm = 0.5, but the high-J
attractor point appears when increasing the magnetic re-
laxation to δm = 2, as predicted in Figure 2.
As shown, most of grains are driven to low-J attractor
points. However, during the period of non-suprathermal
rotation (e.g., J/I1ωT < 5), randomization by gas colli-
sions should be taken into account, and the dynamics of
grains will be dramatically different, as demonstrated in
the next section.
6. MRAT ALIGNMENT IN THE PRESENCE OF
STOCHASTIC EXCITATIONS
For grains aligned at low-J attractor points rotating
at thermal speeds, HL08 pointed out that random gas
collisions can have counter-intuitive effect of enhanc-
ing the alignment. In this section, we first describe
numerical method that treat both random excitations
and MRAT alignment. Then, we will carry out ex-
tensive calculations for different values of δm, q
max, ψ,
and grain size a. Moreover, to obtain realistic mea-
surements of MRAT alignment, we now also account
for the effect of thermal fluctuations within the grain
(Lazarian & Roberge 1997) on the RATs (HL08). Ther-
mal fluctuations are important for ordinary paramag-
netic grains smaller than ∼ 1µm (HL09b), and super-
paramagnetic inclusions can significantly increase this
range (Lazarian & Hoang 2008). Therefore, we first av-
erage radiative torque components F andH over thermal
fluctuations and then over the precession to obtain tab-
ulated data for 〈F (ξ, J)〉 and 〈H(ξ, J)〉 as functions of
ξ, J . These averaged torques will be plugged into Equa-
tions (23) and (24) to solve for J and ξ (see HL08 for
details).
6.1. Equations of Stochastic Motion: Langevin
Equations
The effect of gas collisions in the framework of
paramagnetic alignment was studied by many au-
thors (JS67; Purcell & Spitzer 1971;Lazarian 1997) us-
ing the Fokker-Planck equations. The Langevin equa-
tion (LE) approach was used to study this problem nu-
merically in Roberge et al. (1993) (hereafter R93) and
Roberge & Lazarian (1999). It is recently applied to
study the effect of collisional excitations in the frame-
work of RAT alignment (HL08), spinning dust emission
(Hoang et al. 2010; Hoang et al. 2014), and magnetic
dust emission (HL16).
Let (xˆ, yˆ, zˆ) be the inertial frame of reference where zˆ
is defined parallel to the magnetic field. An increment
of grain angular momentum after time interval dt due to
various random interactions can be described by the LE
(Roberge et al. 1993)
dJi = Ai(t)dt+Bij(J, t)dwj , i = x, y, z, (31)
where dωj are Wiener coefficients, and Ai, Bij are diffu-
sion coefficients defined as
Ai = 〈∆Ji〉, i = x, y, z, (32)
(BBT )ij = 〈∆Ji∆Jj〉, i, j = x, y, z, (33)
where BT is the transposal matrix of B (see Appendix
B).
As in HL08, to account for the randomization effect
by gas collisions, we employ the hybrid approach. For
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Fig. 3.— Phase trajectory maps of MRAT alignment for qmax = 1 and ψ = 0◦. Four different values of δm are considered. Red arrows
represents grains heading to the high-J attractor point (red filled circle), while blue arrows represent grains proceeding toward the low-J
rotation. The high-J attractor points appear as δm increases from 0.5 to 2, consistent with the condition shown in Figure 2.
each time step, we first solve the LEs subject to gas-
grain collisions and magnetic fluctuations by solving for
three components Jx, Jy, Jz using the second-order in-
tegrator implemented in Hoang & Lazarian (2016) (see
also Appendix B), and compute J˜ =
√
J2x + J
2
y + J
2
z ,
cos ξ˜ = Jz/J˜ . Then, we use J˜ and ξ˜ as input parameters
to solve Equations (23) and (24) for new values of ξ, J ,
where the second terms involving the gas and magnetic
damping are removed because those effects are already
accounted for by the LEs. The advantage of using the
hybrid approach is that it avoids the problem with some
negative value of J which may be generated in Monte
Carlo simulations when directly solving J, ξ in the spher-
ical coordinate system using Equations (23) and (24).
For estimates of rotational damping and excitation co-
efficients by gas collisions and magnetic fluctuations, we
adopt oblate spheroidal shape for grains (see Section B).
6.2. Simulation Setup
We perform numerical simulations for a wide range of
δm = 0.5 − 30. This range of δm covers a reasonable
parameter space of magnetic inclusions which is easily
achieved with less than 15% of Fe incorporated in the
form of iron clusters. Observations reveal that a signifi-
cant fraction of Fe is locked in the dust (Jenkins 2009), so
we expect to have much larger δm. However, as shown in
Figure 2, at δm ∼ 10, the high-J attractor point is already
present for the selected parameter space. Therefore, the
upper value δm = 30 is sufficient to capture the effect of
iron inclusions on grain alignment. We consider four real-
izations of RATs from AMOwith qmax = 0.5, 1, 2, 4. This
range of qmax covers the realistic range of qmax that is
found for numerical RATs computed for irregular grains
in the range λ/a = 0.1 − 10 with dominant RATs (see
LH07). For the initial value of grain angular momentum,
we take J0 = 3Jth for a = 0.05µm and J = 25Jth for
a ≥ 0.08µm because the latter large grains are expected
to have suprathermal rotation by RATs (HL09a).
To check if grains converge to some attractor point, we
introduce the convergence criteria as follows:
|Ji+1 − Ji|
Ji
≤ ǫJ , | cos(ξi+1)− cos(ξi)|| cos(ξi)| ≤ ǫξ, (34)
where i is the timestep, and we adopt ǫJ = 10
−6 and
ǫξ = 10
−6.
6.3. Trajectory maps
Figure 4 shows the trajectory maps for four cases, with-
out high-J attractors ((a) and (b)) and with high-J at-
tractors ((c) and (d)). Same as Figure 3, but random ex-
citations important during the slow rotation period are
treated.
Let us discuss first the trajectory maps without high-
J attractors (panels (a) and (b)). It can be seen that
random collisions have little effect on the grain trajec-
tory during the initial suprathermal rotation period (i.e.,
J/I1ωT ≫ 1). After some time, grains are driven to
the thermal rotation stage (J/I1ωT < 3) during which
stochastic excitations by collisions can have dramatic ef-
fects. Indeed, grains are no longer being aligned at the
low-J attractor (cf. (a) and (b) in Figure 3), instead,
grains are scattered in the entire phase space until RATs
become active again in driving grains back to the vicinity
of cos ξ = −1. The trajectory map can be considered as
perturbed cyclic trajectories.
For the case with high-J attractor points (panels (c)
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and (d)), grains at the low-J attractor point are scattered
randomly in its phase space. At some point, grains are
scattered into the vicinity of cos ξ ∼ 1, for which the
spin-up component of RATs rapidly drives grains to the
high-J attractor point.
6.4. Time-Dependence Degree of Alignment and
Averaged Degree of Alignment
In addition to the grain shape and its composition,
the degree of grain alignment is an important parameter
for modeling the polarization spectrum of thermal dust
emission as well as MDE. In this section, we will carry
simulations to calculate the degree of MRAT alignment
for a broad range of relevant parameters.
To quantify the time-dependent degree of grain align-
ment, we compute the ensemble average of the alignment
of the angular momentum with the magnetic field, Q˜J ,
and the degree of alignment of the grain axis with B (i.e.,
Rayleigh reduction factor; Greenberg 1968), R˜, at each
timestep as follows:
Q˜J =
1
Ngr
Ngr∑
i=1
(3 cos2 ξi − 1)
2
, (35)
R˜ =
1
Ngr
Ngr∑
i=1
(3 cos2 ξi − 1)Q˜X(Ji)
2
, (36)
where Ngr is the number of grains in our simulations,
and ξi is the value of ξ for grain i at the end of each
integration step. The value of Q˜X (i.e., the degree of
alignment of grain axis with J) is obtained by integrat-
ing over the fast internal fluctuations as follows (see
Lazarian & Roberge 1997 for detail):
Q˜X(Ji) ∝
∫ pi
0
qX exp
(−J2i [1 + (h− 1) sin2 θ]) sin θdθ,(37)
where h = I‖/I⊥, and qX = (3 cos
2 θ − 1)/2 (see Ap-
pendix B).
We have simulated for three values ofNgr = 16, 21, and
32 and found that the results are within 1% difference.
Therefore, we chose Ngr = 21 for our results presented
in this paper.
To compute the average degree of grain alignment, we
make use of ergodicity of grain dynamical system for
which the average of the degree of alignment over an
ensemble of grains can be replaced by the time average.
In that sense, the value of R is computed as follows:
R =
1
NT
NT∑
i=N0
R˜(ti), (38)
where NT is the total number of integration steps, and
N0 is the timestep from the moment long enough so that
grains forget their initial states. QX and QJ are com-
puted as R as given by Equation (38).
The value NT is determined by T/dt where T is the
integration time and dt is the timestep. To ensure a
good statistic on alignment measurements, we integrate
over a long timescale T = 200τgas. The value of N0 is
chosen at the timestep so that the averaging time interval
∆tavg = (NT − N0)dt = 50τgas. We have checked with
T = 300τgas and 400τgas and find that the results are
essentially the same. We have tested with different N0
given by ∆tavg = 10τgas − 50τgas and found that the
results differ by only less than 3% for a fixed NT .
Figure 5 shows the time-dependence value of R˜ for four
different values of δm and ψ = 0 − 80 degree. For the
case with high-J attractor points, we see the gradual in-
crease of alignment degree with time and reach perfect
alignment after t ∼ 40τgas. Second, the time of perfect
alignment is smaller for higher δm. In addition to driv-
ing some grains to high-J attractor points, as discovered
in HL08, we found that collisional excitations result in
the increase of the rms angular momentum of grains, in-
creasing the internal alignment Q˜X . For δm = 10, perfect
alignment is achieved regardless of qmax. Without high-J
attractor points (green and purple lines in (a)), we can
see that the degree of alignment is still moderate, at level
of R˜ ∼ 0.2. This is because, although following disturbed
trajectories, the grains spend a large fraction of time in
the vicinity of two stationary points of cos ξ = ±1 of
perfect alignment.
7. PARAMETER SPACE STUDIES FOR THE MRAT
ALIGNMENT
7.1. Dependence on magnetic relaxation parameter δm
We first study the dependence of the degree of align-
ment on δm.
Figure 6 shows the dependence of R˜ on δm for the
different values of qmax for grains of size a = 0.2µm.
For qmax = 0.5 and 1, the MRAT is almost perfect for
ψ = 60◦ and 80◦ for all values of δm, whereas the per-
fect alignment is only achieved with large value of δm for
ψ = 0◦ and 30◦. This arises directly from Figure 2 that
the high-J attractor points are present at ψ ≥ 60◦ even
with low values of δm. For q
max = 2 and 4, the same
happens with ψ = 0◦ and 30◦. For all cases of qmax,
the MRAT alignment becomes perfect for δm ≥ 30 (pan-
els (a)-(c)). For the case of qmax = 4, the value R˜ for
ψ = 80◦ cannot reach perfect alignment because grains
do not rotate suprathermally at this large angle between
the radiation and the magnetic field.
In Figure 7, we present the obtained results for a =
0.1µm. The results are essentially similar to a = 0.2µm,
but the value of δm at which perfect alignment is achieved
tends to be smaller. This is because these grains have
weaker RATs, such that lower δm are required to stabilize
the high-J attractor points. It is also noted that grains
with ψ = 80◦ in all cases never reach perfect alignment
because of thermally rotation. Compared to Figure 6, for
the last two cases ((c) and (d)), the MRAT alignment
cannot be perfect because these grains rotate at lower
rates than those of a = 0.2µm.
Figure 8 shows the results for a = 0.05µm. The degree
of alignment is rather small and is essentially indepen-
dent of ψ. The value of R tends to increase with δm
and saturates for δm > 20. This is consistent with our
results in HL16 for superparamagnetic grains rotating
thermally.
7.2. Dependence on the anisotropic radiation direction
ψ
Figure 9 shows an explicit dependence of the degree of
alignment on ψ for four values of qmax. For qmax = 2 and
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4, the value of R tends to decrease with increasing ψ for
arbitrary δm. For q
max = 1, such a decreasing trend is ob-
served for slightly enhanced susceptibilities with δm > 4.
The case of qmax = 0.5 exhibits a complicated depen-
dence on ψ even for large value of δm ∼ 30.
7.3. Dependence on grain size a
Figure 10 shows the dependence of R on the grain size
a for different values of qmax at ψ = 0◦. It can be seen
that the values of R increase with increasing a. For the
largest magnetic considered, i.e, δm = 30, the a ≥ 0.1µm
grains are perfectly aligned (upper bound) for all values
of qmax considered, whereas smaller grains of a = 0.05
and 0.08µm are less efficiently aligned.
For ordinary paramagnetic case, the values of R are
dependent on qmax. For a = 0.05 − 0.08µm, we found
that, even δm ≫ 1, those small grains never reach perfect
alignment. This can be explained by the fact that the
latter smaller grains are not rotating suprathermally be-
cause of weaker RATs. Moreover, for the case of ψ = 60◦,
we do not have perfect alignment of a = 0.1µm because
those grains only rotate at thermal rates. Furthermore,
the parameter space for the dependence of R vs. a is
quite broad for the RATs with qmax = 0.5 and 1, and it
becomes very focused for the two other cases of qmax = 2
and 4.
8. SPECIAL CASES OF GRAIN ALIGNMENT
8.1. Alignment of very big grains
Now let us evaluate the maximum size of dust grains
that can be aligned with respect to the magnetic field in
the light of our unified model of grain alignment.
Dust grains in the diffuse interstellar medium follow
some size distribution with most of their mass contained
in the size range of a < 0.3µm (Weingartner & Draine
2001). Grains in dense molecular clouds grow larger
due to coagulation and accretion processes of gas atoms
onto the ice mantle (Weingartner & Draine 2001). Such
grains can be easier aligned by reddened radiation in
molecular clouds (LH07, Figure 32). This effect was in-
volved in Cho & Lazarian (2005) to explain the align-
ment of grains in molecular clouds without embedded
stars (see also Bethell et al. 2007). This allowed to
explain the observations in Whittet et al. (2008) and
Jones et al. (2014), where polarization was observed
from dark cores with Av > 15. Larger grains can be
aligned by RATs in accretion disks as discussed first by
Cho & Lazarian (2007). There, however, the observa-
tions were not showing good correspondence with the-
oretical predictions (see Hughes et al. 2009). The re-
sults were also critically analyzed in Hoang & Lazarian
(2014). Two reasons that are responsible for lower de-
grees of alignment of grains are the failure of the internal
relaxation to bring the grain angular momentum J to
align with the axis of the maximal moment of inertia aˆ1,
and the slow Larmor precession J about the direction
of the ambient magnetic field. The former effect does
not completely suppress the RAT alignment, as shown
by Hoang & Lazarian (2009a), but makes the alignment
more selective in terms of the grains that can be aligned.
The effect of the reduced Larmor precession destroys the
alignment with respect to the magnetic field.
In view of the above, the effect of MRAT alignment
is not only to allow better alignment due to stabilizing
the high-J attractor points, but also extending the range
of grain sizes for which grains experience efficient inter-
nal relaxation (see LH07) and faster Larmor precession.
In the presence of strongly magnetic inclusions, the mag-
netic moment due to Barnett effect is stronger (see Equa-
tion (9)):
µBar,sup = −
χsp(0)~V
geµB
ω, (39)
which induces internal relaxation with characteristic
timescale
τBar,sup =
γ2eI
3
‖
VK(ω)h2(h− 1)J2 , (40)
where h = I‖/I⊥ (see Equation B1), and γe = gee/2mec
is the magnetogyric ratio.
Using the Larmor precession time from Equation (10),
one obtains the ratio of the Larmor precession to gas
damping time as following:
τLar,sup
τgas
=
(
τLar,sup
τmag
)(
τmag
τgas
)
=
2πgeµB
~
(
nHmHvthΓ‖a2
χsp(0)sB
)
,
≃ 22.2× 10−3n10T
1/2
2 a−5Γ‖
Ncl,5φsp,−2B3
, (41)
where n10 = nH/10
10 cm−3, Ncl,5 = Ncl/10
5, φsp,−2 =
φsp/0.01, and B3 = B/1000µG.
Therefore, the largest grain size that the Larmor pre-
cession is still important is determined by
a1 < 436
Ncl,5φsp,−2
n10T
1/2
2 B3Γ‖
µm, (42)
where Ncl spans ∼ 20 to 105 (JS67). For the upper esti-
mate of a1, we take Ncl = 10
5.
For accretion disks with B ∼ 10mG (Girart et al.
2006) and Tgas ∼ 25K (Chiang & Goldreich 1997),
we expect to have alignment of very big grains with
the magnetic field in the disk interior for a1 ∼
218Ncl,5/n10 µm. For a typical flared disk around
T-Tauri stars, the density at radius d is nH ∼
109(d/100AU)−39/14 exp
(−z2/2H2) cm−3 with H the
scale height and z the distance from the disk plane (
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Fig. 9.— Dependence of R on the anisotropic radiation angle ψ for different values of qmax(panels (a)-(d)). Shade area indicate the range
of δm = 0.5 to δm = 30. Selected values of δm are indicated. A decrease of R with increasing ψ is found for qmax = 2 and 4, while a more
complex dependence is seen for qmax = 0.5 and 1. The grain size a = 0.1µm is considered.
Hoang & Lazarian 2014 ). Therefore, grains as large as
a1 ∼ 2mm can be aligned in the diskplane at distance
d > 100AU. At disk radius d = 50AU, grains upto
a1 ∼ 0.5mm can be aligned with the magnetic field in the
disk plane; at height z ∼ 2H , this upper size increases
to a1 ∼ 4mm.
We move on to estimate the size at which internal re-
laxation is still important. From Equations (1) and (40),
it is straightforward to obtain:
τBar,sup
τgas
=
γ2enHmvthaΓ‖
s4/3h2(h− 1)ω2 ×
[(1 + (ωτsp/2)
2]2
χsp(0)τsp
, (43)
=8.5× 10−5 n10a−5Γ‖
Ncl,5φsp,−2
[(1 + (ωτsp/2)
2]2
exp (NclTact/Td)
,(44)
where h = 2 is taken for the estimate.
Thus, the condition for potential internal alignment is
satisfied for grains of size
a2< 0.48
(
n10T
−1/2
2
Ncl,5φsp,−2
)1/6(
[(1 + (ωτsp/2)
2]2
exp (NclTact/Td)
)−1/6
×
(
ω
ωT
)1/3
µm. (45)
For the similar conditions of T-Tauri disks aforemen-
tioned, we expect Barnett relaxation is important only
for small grains upto a2 ∼ 0.5µm at radius d > 100AU.
Nevertheless, grains with inefficient internal relaxation
may still be aligned with the magnetic field by strong
RATs (HL09b) and that mechanical alignment perhaps
plays some role in the disk. Therefore, the potential of
alignment of the millimeter-sized grains with the mag-
netic field in the accretion disks remains feasible if grains
are incorporated with iron inclusions. Testing the align-
ment in accretion disks can therefore be a good test of
the MRAT mechanism.
8.2. Alignment of carbonaceous grains
One related problem is the alignment of carbonaceous
grains. Observations testify that these grains are not
aligned (Chiar et al. 2006), although RATs acting on
these grains are not very different that those acting on
silicate grains. In Lazarian et al. (2015), we discussed a
possibility that carbonaceous grains may have a much
smaller magnetic moment. Indeed, for the magnetic mo-
ment of carbonaceous grains can arise from the rotation
of charged grains (Martin 1971). For a grain of mean
charge e〈Z〉 localized at distance ǫa⊥ from the center of
mass, the magnetic moment is
µrot=
IS
c
=
e〈Z〉(ǫa⊥)2ω
2c
, (46)
≃ 1.6× 10−13a2−5(ǫ/0.1)2(〈Z〉/30)ωD, (47)
where I = e〈Z〉ω/2π is the electric current arising from
charge rotation, and S = πa2⊥ = 2π/3a
2 is the surface
area perpendicular to the current.
In the typical interstellar magnetic field of 5µG, this
14 Hoang & Lazarian
0.0
0.2
0.4
0.6
0.8
1.0
R
0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
a(µm)
0.0
0.2
0.4
0.6
0.8
1.0
R
0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
a(µm)
δm=0.5
δm=0.5
δm=30
δm=0.5
δm=30
δm=10
qmax=0.5
qmax=2.0 qmax=4.0
qmax=1.0
(c) (d)
δm=30
δm=10
δm=4
(b)(a)
δm=30
Fig. 10.— Same as Figure 9, but for the dependence of R on the grain size a. Big grains (a ≥ 0.1µm) are mostly perfectly aligned for
δm ≥ 30, while grains a < 0.1µm tend to increase with a. The results for ψ = 0◦ are shown.
produces the Larmor precession of timescale:
τLar,rot ∼ 4× 104a3−5(ǫ/0.1)2(〈Z〉/30) yr. (48)
The magnetization of carbonaceous grains perhaps also
originates from the attachment of H atoms to the grain
surface through hydrogenation. Since a H electron is
already used to make a covalent bond with a C atom,
the magnetization is only produced by the H nucleus.
The susceptibility is estimated to be (HLM14)
χgra(0) ≈ 7.2× 10−10fˆpnˆ23Tˆ−1d , (49)
where fˆp = fp/0.1 with fp being the fraction of H atoms
in this case. If fp(H) is too small (≪ 0.1), the magneti-
zation becomes dominated by the nuclei of 13C that has
fp(
13C) ≈ 0.01 (see also Lazarian & Draine 1999a). It
can be seen that with χgra(0), the magnetic moment due
to Barnett effect for carbonaceous grains is
µLar,Bar = −χgra(0)~V ω
geµB
≃ 2.3× 10−13a3−5ω D, (50)
which is the same order as µrot. The Larmor precession
timescale is estimated to be
τLar,Bar ≃ 1.45× 104 a
2
−5
fˆpnˆ23TˆdBˆ
yr. (51)
According to LH07, the precession timescale of typical
aligned grains along the anisotropic radiation direction
(see also Lazarian et al. 2015) is
τRAT≃ 3.2× 103ρˆa−5 1.2µm
λ¯
uISRF
γurad
0.01
Qe3
yr. (52)
For strong, highly anisotropic radiation field (e.g.,
γurad > uISRF), we have τRAT < τLar,Bar < τLar,rot, for
which the local direction of starlight anisotropy becomes
the axis of alignment and carbonaceous grains can get
aligned with respect to the local anisotropy direction of
radiation field rather than with the magnetic field.
Furthermore, as the precession in respect to the radi-
ation direction is still relatively slow, the carbonaceous
grains accelerated by turbulence in respect to the mag-
netic field (Lazarian & Yan 2002; Yan & Lazarian 2003;
Yan et al. 2004, Yan & Yan 2009; Hoang et al. 2012)
should experience more randomization arising from the
electric ∼ B×v field acting on grains as they experience
fluctuations of grain charging (Weingartner 2006). The
expected cumulative effect is a significant decrease of the
polarization arising from carbonaceous grains.
We note, that contrary to carbonaceous grains, the sil-
icate ones get their magnetic moment not through the
charge rotation, but through much more powerful Bar-
nett effect (see Eq. 39), which makes the alignment with
the magnetic field less susceptible to randomization by
dipole fluctuations as in Weingartner (2006). Mathis
(1986) speculated that iron inclusions may not be incor-
porated into big carbon grains. If true, then the ad-
ditional stabilization can be applicable only for silicate
grains.
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9. DISCUSSION
This work extends and elaborates our previous works
(LH07; LH08; HL08) on grain alignment for dust grains
with enhanced magnetic susceptibilities. We feel that it
is important to stress that this work is based on RATs,
and it cannot be treated as the extension of paramag-
netic alignment of grains with magnetic inclusions. In-
deed, RATs produce not only suprathermal rotation but
also grain alignment. The role of enhanced magnetic
susceptibilities is to stabilize the high-J attractor point,
which allows MRAT alignment to achieve better/perfect
alignment.
9.1. Comparison to our previous theoretical works
The present work extends our previous detailed quan-
titative study of RAT alignment of ordinary paramag-
netic grains (LH07; HL08) to grains with enhanced mag-
netic susceptibility due to magnetic inclusions. The lat-
ter grains were shown by LH08 to get better alignment
as the presence of magnetic inclusions allows grains to be
aligned with high angular momentum. The present study
elaborates and extends that in LH08. In particular, while
LH07 derived a parameter space (qmax, ψ) for the exis-
tence of high-J and low-J attractor points for ordinary
paramagnetic material, here we have derived the similar
parameter space for high-J attractors in the presence of
the enhanced magnetic relaxation. For the practical ap-
plications of the results in the paper, it is important that
we identified the critical values of the ratio of the rate of
magnetic relaxation to the rate of gas damping, δm,cri,
that produce high-J attractors.
In this paper, we present the degree of grain alignment
obtained by numerical simulations that treat MRAT
alignment with random excitations by gas collisions and
magnetic relaxation for a wide range of physical param-
eters. We obtained the realistic degrees of alignment
for grains of arbitrary magnetic susceptibility, includ-
ing ordinary paramagnetic and superparamagnetic ma-
terial. We note that earlier works on alignment with
magnetic inclusions (Martin 1995; Goodman & Whittet
1995; Davoisne et al. 2006) deal with thermally rotat-
ing grains. Interestingly enough, the alignment of grains
with enhanced magnetic susceptibilities rotating due to
suprathermal torques suggested by Purcell (1979) can
be perfect, in analogy to RATs. However, the torques
in Purcell (1979) are fixed in the grain frame and do
not align grains by themselves. This is the principal dif-
ference between them and RATs. The latter act in the
frame related to the magnetic field and are known to in-
duce grain alignment. The contribution of the magnetic
torques that can be significantly weaker than RATs is
to tip the balance to prevent the attractor point from
transferring into a repellor point as qmax and ψ change.
9.2. Small size cut-off for aligned grains
Inverse modeling of interstellar polarization curves for
the interstellar diffuse medium shows that good align-
ment stops at the grain size of approximately 0.09µm
and is related with the inefficiency of RATs to align
grains significantly smaller than the wavelength of the
radiation (see Figures 30 and 31 in LH07). The resid-
ual alignment can be explained as the result of the
ordinary Davis-Greenstein alignment as quantitatively
demonstrated in Hoang et al. (2014).
Our present study does not change the conclusions re-
lated to the small size cut-off of grain alignment. Indeed,
our calculations show that the presence of strongly mag-
netic impurities only marginally changes the threshold
value for the cut-off. The alignment of thermally ro-
tating small grains by the Davis-Greenstein process is
found to be inefficient, even for superparamagnetic in-
clusions (HL16). However, if the small grains have su-
perparamagnetic inclusions, this can affect the estimates
of the magnetic field strength through UV polarization
that were suggested in HLM14. In particular, the val-
ues of the magnetic field strength in the diffuse medium
may be smaller than ∼ 10µG, as estimated by HLM14
for ordinary paramagnetic material.
9.3. Degree of radiative alignment for grains with
magnetic inclusions
To study the dynamics of grains we used the machin-
ery developed in our earlier studies (see LH07, HL08).
By combining the Langevin equation and the equation
of steady motion by RATs, we treated the grain dynam-
ics both during the thermally rotating and suprathermal
rotation stages. We carried out simulations of MRAT
alignment and obtained the degree of alignment for a
wide range of physical parameters. We quantified how
the degree of RAT alignment tends to increase with in-
creasing the magnetic susceptibility δm. In particular,
we demonstrate that the alignment of relatively big in-
terstellar grains (e.g., a = 0.1, 0.2µm) is perfect for super-
paramagnetic grains of δm ∼ 10. Above this value, the
alignment becomes independent of the value of qmax and
ψ. This corresponds to the situation when RATs mainly
play a role of spinning up grains to the suprathermal ro-
tation, while magnetic relaxation rapidly aligns grains.
Smaller grains (a = 0.05, 0.08µm) cannot reach the
perfect alignment, even when the magnetic relaxation is
fast of δm > 10. The degree of alignment R ∼ 0.02
computed here for the a = 0.05µm grains is consis-
tent with the results obtained from inverse modeling of
observed polarization in the ISM (Kim & Martin 1995;
Draine & Fraisse 2009; HLM14).
Mathis (1986) (M86) suggested that the grains smaller
0.09µm are not aligned because they may not have mag-
netic inclusions. Goodman & Whittet (1995) pointed
out that the spacing frequency of superparamagnetic in-
clusions obtained from spectroscopy is consistent with
the M86 model. Our obtained results indicate that even
with magnetic inclusions, grains smaller than 0.08µm
cannot be efficiently aligned because RATs are so weak
for these grains that cannot drive their alignment.
We would like to stress that our scenario is very dif-
ferent from that by M86. The M86 model is based on
the Davis-Greenstein alignment, rather than on the RAT
alignment. His idea is that the probability of a grain to
have magnetic inclusions increases with the size of the
grain. We showed that the cut-off is not fixed by the
grain properties, but the radiation field. Therefore, con-
trary to the suggestion in M86 we expect the variations
of the small size cut-off depending on the variations of
the spectrum and intensity of the radiation field. The
good correspondence of the observations to the predic-
tions based on the RAT efficiency also means that the
suprathermal spin-up torques of small grains are sub-
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dominant. The thermal flipping and thermal trapping of
such grains (Lazarian & Draine 1999b; HL09b) are likely
to play a role for this.
We also would like to note, that, unlike DW96, the
model of MRATs is based on the anisotropic radiation
alignment. The radiative torques not only do spin up
grains but also align them. The principal role of en-
hanced magnetic relaxation is to stabilize the high-J at-
tractor point. The critical value of δm,cri does not depend
on the strength of RATs as well as local conditions. How-
ever, since the δm ∝ 1/nH (Eq. 6), to have stable align-
ment in dense clouds, larger susceptibilities are required,
compared to the value needed for the diffuse ISM.
9.4. Implications for iron abundance in silicate: φsp
and Ncl
From Figure 2, we can see that the high-J attractor
points are present for the parameter space if δm > 10. As
shown in Figure 1 (left), it can be satisfied with ∼ 10%
of Fe depleted into the dust (i.e.,φsp ∼ 0.03) for Ncl > 1.
Lower Fe depletion of 5% (i.e., φsp ∼ 0.015 can also be
achieved Ncl > 10.
Based on observed microwave emission at 90GHz,
DL99 suggested that no more than 5% of Fe can be de-
pleted into dust in the form of iron clusters. A recent
study by Draine & Hensley (2013) where a new form of
magnetic susceptibility is derived shows that 100% of Fe
abundance can be incorporated into the grain without
violate observed optical-IR extinction curves. We note
that the difference in the magnetic susceptibility between
DL99 and DH13 is only important for rotation frequen-
cies of ν ∼ 10 − 300GHz (see HL16), which does not
affect our analysis in Section 3 for large grains with ro-
tation frequency ν ≪ 10 GHz. In particular, the typical
value from observations of GEMS is φsp = 0.03 (Bradley
1994; Martin 1995), which indicates about 10% of iron
depleted into dust silicate.
The number of iron clusters per grain is given by
Equation (12). To have N ≥ 1, it follows that Ncl <
3.5× 108φspa3−5. Therefore, even one iron cluster incor-
porated in the grain, and with φsp < 0.03 (i.e., 10% of
Fe abundance), it is sufficient to produce δm > 10 (i.e.,
high-J attractor points). Yet, the question is whether
iron exists in the form of iron clusters or diffusely dis-
tributed within the grain, and whether iron nanoparticles
are in the form of free-fliers or inclusions still remained.
Lastly, a recent analysis of local interstellar dust grains
captured by Cassini satellite (Altobelli et al. 2016) re-
veals the presence of iron inclusions in silicate grains.
9.5. Implication for observations in the diffuse medium
Recent Planck results (Planck Collaboration et al.
2015) show a high polarization degree up to 20% for the
diffuse interstellar medium (ISM). Inverse modeling of
starlight polarization usually requires perfect alignment
of silicate grains to reproduce the maximum possible po-
larization (Draine & Fraisse 2009; HLM14). This raises
some challenge for the traditional RAT mechanism de-
scribed in LH07a. The results there show that the RAT
alignment can easily reach perfect if the high-J attrac-
tor point is present (also HL08). In contrast, without
high-J attractor point, the degree of alignment is only
20− 30%. This, by itself, does not disqualify RATs from
explaining the observed alignment. First of all, the exis-
tence of the high-J attractor point depends on the qmax
parameter of grains, but its distribution is uncertain for
irregular interstellar grains. Moreover, in the absence
of high-J attractor points, the degree of alignment still
can be significantly increased if grains are also subject
to suprathermal torques and the evidence of this effect
has been claimed in observations (Andersson et al. 2013).
The MRAT scenario elaborated in this work provides an
alternative explanation. The truth should be established
through more observations.
If MRAT scenario is confirmed, this will have im-
portant consequences for interpreting the observational
data. The joint action of RATs and strongly enhanced
magnetic relaxation is expected to provide perfect align-
ment with the short grain axis parallel to the magnetic
field. Second, it gives universal alignment of high effi-
ciency in the diffuse ISM, which is naturally consistent
with the Planck polarization data for the diffuse medium.
Let us outline a few predictions of MRAT that can be
tested for the role of magnetic torques on grain align-
ment.
First, MRAT alignment can be perfect, resulting in
higher polarization fraction than in RAT alignment.
Thus, quantitative measurements of dust polarization is
particularly useful.
Second, large grains tend to have weaker angle de-
pendence than smaller ones because they are perfectly
aligned with the magnetic field. So, the polarization frac-
tion at longer wavelengths is expected to have weaker
angle dependence than at shorter wavelengths because
large grains emit dominantly at long wavelengths.
Third, the angle dependence of MRAT alignment is re-
duced when increasing urad because grains are suprather-
mally rotating and perfectly aligned. Thus, MRAT pre-
dicts a reduction in the angle dependence of polarization
near the radiation source. Similarly, in environment con-
ditions where pinwheel torques are important, we also
predict the weaker angular dependence of the polariza-
tion fraction.
9.6. Implications for observations of dust polarization
in molecular clouds
Let us discuss now the implications of our present re-
sults for current observations of dust polarization from
starless cores and reflection nebula. Recent detailed
observational studies of grain alignment provided evi-
dence in favor of the traditional RAT alignment (see
Andersson et al. 2015 for a review). Below we analyze
whether the observational evidence excludes the possi-
bility of MRAT alignment that we have studied in this
paper.
First of all, it was found that the alignment can be en-
hanced in the presence of H2 torques (Andersson et al.
2013; Hoang et al. 2015). This does not contradict to
MRAT process, as the effect of H2 torques on grain align-
ment is expected to be still applicable because the small
size cut-off will shift to a smaller size due to H2 torques,
allowing more grains to be aligned and thus increasing
the total polarization.
Second, Voshchinnikov et al. (2012) found that the
alignment is not correlated with the Fe depletion, which
seemed to exclude the effect of superparamagnetism and
the effect of enhanced relaxation. Is this so, however?
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Our present study shows the saturation of alignment for
δm > δm,cri, which indicates that the fraction of Fe in the
gas phase would not be good tracer of alignment. Thus,
a weak correlation of the starlight polarization with dust-
phase Fe abundance (Voshchinnikov et al. 2012) does not
necessarily reveal that Fe is useless for grain alignment.
Instead, it indicates that to some level, the increase
of Fe in the dust does not increase the alignment and
then the degree of polarization saturates. The formation
of iron clusters is a not far- fetched assumption since
above 90% of Fe is present in the dust (see Figure 4 in
Voshchinnikov et al. (2012)), which is more than suffi-
cient for magnetic alignment saturation.
Third, observations by Andersson et al. (2011) and
Vaillancourt & Andersson (2015) confirmed the theoret-
ical prediction in LH07 on the dependence of RAT align-
ment on the anisotropy direction of the radiation. In
view of our present study, only large grains of a = 0.2µm
that have very strong magnetic response demonstrate
non-angle dependence alignment. Grains of size a ≤
0.1µm can still maintain the angle dependence align-
ment even at largest magnetic susceptibilities because of
the dependence of the maximum rotational rate Jmax on
the anisotropy direction ψ. If the alignment is observed
to decrease with increasing the angle ψ, it would also
rule out the grain shape with RATs of qmax < 1, because
we predict the alignment tends to increase with ψ for
the case of moderate magnetic susceptibility δm < 30.
This study provides, however, the most stringent lim-
itations on the magnetic properties of the grains. We
feel that it is necessary to continue the tests like those
in Andersson et al. (2011) in order to understand these
constraints. In particular, it can narrow down the RAT
parameter space.
9.7. Toward a physical modeling of foreground
polarization for CMB polarization missions
The size-dependence degree of grain alignment is an
essential ingredient for modeling the polarization spec-
trum of thermal dust emission and MDE. We have ob-
tained such a size-dependence degree of alignment from
simulations using AMO, which relates directly the degree
of alignment with the magnetic susceptibility (e.g., φsp),
radiation fields, and local environmental conditions. It
will be used to construct a self-consistent model of mag-
netic dipole emission and polarization spectrum because
both MDE and its polarization depend on φsp.
If MRATs are responsible for most of the interstel-
lar alignment, this can simplify the modeling of polar-
ized emission from interstellar dust. Indeed, this type
of alignment is much more robust and does not depend
on the insufficiently constrained distribution of qmax of
interstellar grains.
This research has important implications for CMB
studies. Apart from being the dominant source of polar-
ized thermal emission via electric dipole mechanism for
the frequencies larger than 300 GHz, it can also be re-
sponsible for polarized MDE at lower frequencies (DL99,
Draine & Hensley 2013; Hoang & Lazarian 2016). The
latter emission mechanism is closely related to magnetic
inclusions in grains, which are the inclusions that are
invoked for the MRAT alignment. This emission, if its
magneto-dipole nature is confirmed, can be used to con-
strain the abundance and properties of the magnetic in-
clusions that are appealed to within the MRAT mecha-
nism.
10. SUMMARY
Magnetic inclusions in interstellar dust grains have
been discussed through the long history of dust research,
especially in relation to the problems of grain alignment
(see Spitzer & Tukey 1951; Jones & Spitzer 1967). They
were also involved in LH08 as a possible way to enhance
the efficiency of the RAT mechanism. This paper elabo-
rates this suggestion and comes to important conclusions
listed below:
1 We find that even a small inclusion of iron parti-
cles can enhance the magnetic relaxation rate to
above the gaseous damping rate, i.e., δm > 1, for
which the effect of magnetic relaxation must be ac-
counted for in the radiative alignment process. The
mechanism of alignment is different from the Davis-
Greenstein alignment, as the strength of radiative
torques aligning grains typically significantly ex-
ceeds the strength of the torques arising from su-
perparamagnetic relaxation. The role of the lat-
ter is to stabilize the high-J attractor points for
the phase trajectories induced by RATs. Those
points result in perfect alignment of grains. Also,
enhanced magnetic susceptibility results in faster
Larmor precession, which favors the magnetic field
as an axis of grain alignment.
2 Using our analytical model (AMO) of RATs, we
study the MRAT alignment of enhanced magnetic
grains. We first derive the critical values of the
magnetic relaxation, δm,cri, to produce the high-
J attractor points as a function of the radiation
direction ψ and qmax. For a = 0.1µm, we find that
the high-J attractor is universal for δm ≥ 10 for
qmax = 0.1−10. This criterion perhaps requires the
inclusion of even an iron cluster as small as 20 iron
atoms per cluster into the silicate grains, assuming
a typical filling factor φsp = 0.03. This result does
not depend on the value of RATs. We solve the
equation of steady motion by RATs and magnetic
relaxation and find that the high-J attractor points
are indeed present for δm > δm,cri.
3 We carry out numerical simulations of MRAT
alignment taking into account stochastic collisional
excitations and magnetic fluctuations for arbitrary
values of δm. Similar to earlier studies in HL08,
we observe the transfer of grains from the low-
J attractor point to the high-J attractor point as
a result of collisional excitations. We numerically
demonstrate that the alignment with high-J attrac-
tor points is very efficient/perfect.
4 We compute the degree of MRAT alignment for
a number of radiation angles ψ, grain sizes, and
a broad range of δm, spanning ordinary to super-
paramagnetic cases. We demonstrate the depen-
dence of alignment degree on ψ. We find that the
degree of alignment increases with increasing the
grain size a. In the case of superparamagnetism
of δm ≥ 30, the MRAT alignment becomes perfect
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Fig. 11.— Coordinate systems used in numerical calculations.
for large grains of a > 0.1µm, which is indepen-
dent of ψ and qmax. The size-dependence degree
of alignment paves the way for physical modeling
the polarization of thermal dust emission as well as
magnetic dipole emission.
5 Our work calls for more tests of grain alignment in
order to find out if the enhancement of magnetic
relaxation is required for RATs to be able to ex-
plain the observed polarization. This is important
for quantitative studies of magnetic fields in vari-
ous astrophysical environments, e.g. the interstel-
lar medium, molecular clouds and accretion disks.
This is also essential for accurate modeling of the
contribution to galactic polarized foreground aris-
ing from electro-dipole and magneto-dipole emis-
sion from interstellar dust. If enhanced degree of
alignment is required to reproduce Planck data,
then, our present results suggest that grains should
have magnetic inclusions.
6 We find that millimeter-sized grains in the accre-
tion disks may be aligned with the magnetic field if
they are incorporated with iron clusters of 105 iron
atoms per cluster. If confirmed, this opens good
prospects for tracing magnetic fields in protoplan-
etary disks.
We thank anonymous referee for his/her insightful and
detailed comments that helped us improve the clarity
of our paper. T.H. acknowledges the support from the
Natural Sciences and Engineering Research Council of
Canada (NSERC). AL acknowledges NSF grant AST
1109295, NASA grant NNH 08ZDA0090, and support
of the NSF Center for Magnetic Self-Organization.
APPENDIX
A. AMO AND RATS COMPONENTS
A1. RATs and mean values over the spectrum of radiation fields
The radiative torque resulting from the interaction of radiation field with a grain of size a is defined by
Γrad =
γuradλ¯a
2
2
QΓ, (A1)
where γ, λ¯, and urad are the degree of anisotropy, mean wavelength and energy density of radiation field, respectively.
Here QΓ is the radiative torque efficiency vector, and overlines denote the averaging over the spectrum of the incident
radiation field.
Let uλ be the energy density per unit wavelength λ, then λ¯ and urad are defined as
λ =
∫
uλλdλ∫
uλdλ
, urad =
∫
uλdλ. (A2)
Let QΓ be the radiative torque efficiency produced by the monochromatic radiation field with wavelength λ, the
mean torque efficiency over the radiation field is
QΓ =
∫
QΓuλdλ∫
uλdλ
. (A3)
A2. AMO: General expressions of RATs
LH07 proposed an analytical model (AMO) of RATs. This model is based on a helical grain interacting with the
anisotropic radiation beam. The helical model consists of a spheroidal body and a masseless mirror attached to the
body (see LH07 for details).
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RAT from the AMO is given by the similar form as Equation (A1):
Γrad=
γuradλ¯l
2
2
2
QΓ, (A4)
where l2, defined as the grain size a, is the size of the squared mirror.
Using the self-similar scaling of the magnitude of RATs obtained for irregular grains of size a induced by the radiation
field of wavelength λ,
|QΓ|∼ 0.4
(
λ
a
)−3
for λ > 2a, (A5)
∼ 0.4 for λ ≤ 2a, (A6)
and the functional forms of RATs from the AMO, we can write RAT components as follows:
Qe1(Θ, β,Φ = 0)=
|QΓ| qmax√
(qmax)2 + 1
qe1(Θ, β,Φ = 0)
qmaxe1
, (A7)
Qe2(Θ, β,Φ = 0)=
|QΓ|√
(qmax)2 + 1
qe2(Θ, β,Φ = 0)
qmaxe2
, (A8)
Qe3(Θ, β,Φ = 0)=
|QΓ| qmax√
(qmax)2 + 1
qe3(Θ, β,Φ = 0)
qmaxe3
, (A9)
where
qe1(Θ, β,Φ = 0)=−
4l1
λ
C
(
n1n2
[3 cos2Θ− 1]
2
+
n21
2
cosβ sin2Θ− n
2
2
2
cosβ sin2Θ− n1n2
2
cos2 β
)
, (A10)
qe2(Θ, β,Φ = 0)=
4l1
λ
C
(
n21 cosβ cos
2Θ− n1n2
2
cos2 β sin2Θ− n1n2
2
sin2Θ+ n22 cosβ sin
2Θ
)
, (A11)
qe3(Θ, β,Φ = 0)=
4l1
λ
Cn1 sinβ [n1 cosΘ− n2 cosβ sinΘ] +
(
b
l2
)2
2ea
λ
(s2 − 1)K(Θ) sin 2Θ, (A12)
with qmaxej = max〈qej (Θ, β,Φ = 0)〉β for j = 1, 2 and 3. The magnitude ratio of torque components qmax is defined by
qmax =
max〈Qe1(Θ, β,Φ = 0)〉β
max〈Qe2(Θ, β,Φ = 0)〉β
. (A13)
In Equations (A10)-(A12), C is a function given by
C = |n1 cosΘ− n2 sinΘ cosβ| , (A14)
where Θ is the angle between the axis of major inertia a1 and the radiation direction k, β is the angle describing the
rotation of the grain about a1; n1 = − sin i, n2 = cos i are components of the normal vector of the mirror tilted by an
angle i in the grain coordinate system. The second term of Equation (A12) represents the torque due to the spheroid,
which is shown to result in the grain precession only (see LH07 for details).
We adopt the AMO with i = 45◦ in this paper, unless mentioned otherwise. We also assume the amplitude of Qe3
is comparable to that of Qe1 and Qe2 .
RATs at a precession angle Φ can be derived from RATs at Φ = 0 using the coordinate system transformation, as
follows:
Qe1(Θ, β,Φ)=Qe1(Θ, β,Φ = 0), (A15)
Qe2(Θ, β,Φ)=Qe2(Θ, β,Φ = 0)cosΦ +Qe3(Θ, β,Φ = 0)sinΦ, (A16)
Qe3(Θ, β,Φ)=Qe2(Θ, β,Φ = 0)sinΦ−Qe3(Θ, β,Φ = 0)cosΦ. (A17)
To study the alignment of the angular momentum with respect to magnetic field, we use the spherical coordinate
J, ξ and φ (see Fig. 11). In this coordinate system, RATs components are given by
F (ψ, φ, ξ)=Qe1(ξ, ψ, φ)(−sin ψcos ξcos φ− sin ξcos ψ) +Qe2(ξ, ψ, φ)(cos ψcos ξcos φ− sin ξsin ψ)
+Qe3(ξ, ψ, φ)cos ξsin φ, (A18)
G(ψ, φ, ξ)=Qe1(ξ, ψ, φ)sin ψsin φ−Qe2(ξ, ψ, φ)cos ψsin φ+Qe3(ξ, ψ, φ)cos φ, (A19)
H(ψ, φ, ξ)=Qe1(ξ, ψ, φ)(cos ψcos ξ − sin ψsin ξcos φ) +Qe2(ξ, ψ, φ)(sinψcos ξ + cos ψsin ξcos φ)
+Qe3(ξ, ψ, φ)sin ξsin φ, (A20)
where Qe1(ξ, ψ, φ), Qe2 (ξ, ψ, φ), Qe3(ξ, ψ, φ), as functions of ξ, ψ and φ, are components of the RAT efficiency vector in
the lab coordinate system (see DW97; LH07a). To obtain Qe1(ξ, ψ, φ), Qe2 (ξ, ψ, φ) and Qe3(ξ, ψ, φ) from QΓ(Θ, β,Φ),
we need to use the relations between ξ, ψ, φ and Θ, β,Φ (see Weingartner & Draine 2003; HL08).
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B. ROTATIONAL EXCITATION BY RANDOM GAS COLLISIONS
For numerical estimates, we adopt the oblate spheroid grains with semi-minor and semi-major axes of a1 and a2,
which has axial ratio s = a1/a2. The principal moments of inertia for the rotation parallel and perpendicular to the
grain symmetry axis take the following forms:
I‖ =
8π
15
ρa1a
4
2, I⊥ =
4π
15
ρa22a1
(
a21 + a
2
2
)
. (B1)
Similar to R93, diffusion coefficients are first calculated in the grain body system, and then transformed to the lab
system. The diffusion coefficients are averaged over the precession of aˆ1 around J and over the Larmor precession
angle of J about B, given by
〈∆J〉i=−
Ji
τgas
for i = x, y, z, (B2)
where tgas is the gaseous damping time. For a spheroidal grain, the gaseous damping time is
τgas=
3
4
√
π
I‖
nHmvtha42Γ‖(e)
, (B3)
where vth =
√
2kTgas/m is the thermal velocity of atom, Γ‖,Γ⊥ are factors characterizing the geometry of grain given
by
Γ‖(e)=
3
16
3 + 4(1− e2)g(e)− e−2[1− (1− e2 )2g(e)], (B4)
Γ⊥(e)=
3
32
[[7− e2 + (1− e2)g(e) + (1− 2e−2)(1 + e−2)2[1− (1− e2)g(e)]]]. (B5)
g(e) is related to the eccentricity of the grain through the expression:
g(e) =
1
2e
ln
(
1 + e
1− e
)
, (B6)
where e =
√
1− (a1/a2)2. The limiting values are Γ‖ = Γ⊥ = 1 for e = 0 (i.e., spherical grains), and Γ‖ = Γ⊥ = 3/8
for e = 1.
Diffusion coefficients are diagonal and given by the following expressions in the lab coordinate system in which the
z axis is along the magnetic field (R93)
〈(∆Jx)2〉=
√
π
3
nHm
2a42v
3
th(1 +
Td
Tg
)[(1 + cos2 ξ)Γ⊥ + sin
2ξΓ‖], (B7)
〈(∆Jy)2〉= 〈(∆Jx)2〉, (B8)
〈(∆Jz)2〉= 2
√
π
3
nHm
2a42v
3
th(1 +
Td
Tg
)[sin2 ξΓ⊥ + cos
2 ξΓ‖]. (B9)
Note that the above diffusion coefficients are derived by assuming perfect internal alignment of a1 with J and for
spheroidal grains. However, for the sake of simplicity, we can adopt these diffusion coefficients for studying the
influence of gas bombardment on the alignment of irregular grains.
The excitation coefficients in the dimensionless units of J ′ ≡ J/I‖ωT and t′ ≡ t/τH,‖ due to gas collisions are then
given by
B′coll,i = Bcoll,i ×
(
τgas
2I‖kTgas
)
for i = x, y, z, (B10)
where Bcoll,i are given by Equations (B7)-(B9).
Similarly, for magnetic fluctuations, we have the components B′mag,xx = B
′
mag,yy = δmTd/Tgas, and B
′
mag,zz = 0.
The total excitation is then are B′ = B′coll +B
′
mag where B denote the diagonal matrix with respective components.
It is usually more convenient to solve the LEs in in the dimensionless units of J ′ and t′. Therefore, Equation (31)
becomes
dJ ′i = A
′
idt
′ +
√
B′iidw
′
i for i = x, y, z, (B11)
where 〈dw′2i 〉 = dt′ and
A′i = −J ′i
[
1
τ ′gas,eff
+ δm(1− δiz)
]
, B′ii = B
′
coll,i +
Td
Tgas
δm(1− δiz). (B12)
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Above, δiz = 1 for i = z and δiz = 0 for i = x, y, and 1/τ
′
gas,eff ≈ 1 + FIR where FIR is the damping coefficient due to
IR emission (see HL16).
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